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Abstract A model for the prediction of the current–

voltage characteristics of a two electrodes cell incorporat-

ing the dynamics of the gas film formed during the

electrochemical discharge phenomenon is developed. In its

mean-field version, the model presents good qualitative

agreement but overestimates the hysteresis effect and pre-

dicts too large current densities for the cell operation once

the gas film is formed. An improved stochastic model,

which assumes gas film departures from the electrode

surface according to a Poisson process, addresses these

issues and gives significantly better predictions. Two

relations are presented which allow estimating the mean

gas film detachment time and its variance from the

experimental study of the hysteresis in the forward and

reverse scan of a two electrode cell operated at high current

densities.
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List of symbols

A Electrode surface (m2)

F Faraday constant (C mol-1)

hb Effective average bubble height (m)

I Current (A)

jcrit Nominal critical current density, nominal

current density at which a gas film can be

formed (A m-2)

jlocal Local current density (A m-2)

N Number of lattice sites per surface (m-2)

n Stoichiometric number

ns Average normalised number (per total

number of lattice sites) of clusters of size s

P Average size of infinite cluster (in number of

sites per total number of sites in the lattice)

p Pressure (Pa)

pc Percolation threshold

R Ideal gas constant (J K-1 mol-1)

R(h) Inter-electrode resistance (with the presence

of bubbles) (X)

Rbulk Bulk inter-electrode resistance (without the

presence of bubbles) (X)

s Cluster size (in number of lattice sites)

T Temperature (K)

t Time (s)

tf Average gas film formation time (s)

U Cell terminal voltage (V)

Ucrit Critical voltage, voltage at which a gas film

can be formed (V)

Ud Water decomposition potential (V)

Vb Volume of a gas bubble of size s = 1 (m3)
_Vg Gas volume per unit of time (m3 s-1)

v Voltage scan rate (V s-1)

z Charge number

b Coefficient of Faradic gas production

(m3 s-1 A-1)

h Electrode surface bubble coverage

Dtb Average bubble detachment time (s)

Dtg Average gas film detachment time (S)

Over lined Normalised quantities

Dedicated to Prof. Ch. Comninellis’ 65th birthday.

R. El-Haddad � R. Wüthrich (&)
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1 Introduction

As electrolysis with gas evolution is operated at high

enough current densities, a continuous gas film can be

formed around the working electrode. The phenomenon,

often accompanied by light emission due to electrical

discharges through the insulating gas layer around the

electrode, is known in the literature under various names

such as electrode effects, anode effects, electrochemical

discharge phenomenon and contact glow discharge elec-

trolysis. Known since more than 150 years [1, 2], several

applications has emerged such as (in chronological order),

reduction of metal salts [3], high frequency current inter-

rupters [4], micro-machining of non-conductive materials

[5–7], surface engineering [8], waste water treatment [9]

and nano-particle synthesis [10, 11]. There are as well

undesired effects related to this phenomenon such as the

anode effect in the context of aluminium electrolysis [12].

Several experimental studies [13–16] of this phenomenon

were conducted and theoretical models developed [17–25].

These models were essentially developed with the aim to

take into account bubbles evolution for the calculation of the

local current distribution in order to predict the critical

current density and critical voltage at which the electrode

effects appear. If the developed models considered various

mechanism leading to the formation of the gas film (such as

local electrolyte evaporation by Joule heating [17, 19, 20],

hydrodynamic effects [18, 22], electrochemically formed

gas bubbles [25]), none of them tried to incorporate the

dynamics of the gas film. It is well known that the formed gas

film is unstable [4, 13, 17] but it is only recently that attempts

to quantify the mean life-time of the gas film, in the case of

water electrolysis, were made [16]. Several applications

would benefit from an increased knowledge about the

dynamics of the system taking into account the gas film life-

time. For example in the case of micro-machining using

electrochemical discharges, the gas film dynamics is related

to the quality of the machined structures [7].

The aim of the present communication is to extend our

previous model [7, 25, 26] by incorporating the dynamics

of the gas film with its finite life-time. A mean field version

will be developed and its limitation, due to scale effects

related to the gas film, will be discussed in comparison

with a stochastic model.

2 Mean field model

2.1 Normalised bubble evolution equation

First a mean field model, incorporating the gas film life-

time, bubble formation and detachment dynamics, is

developed based on our previous one [7, 25, 26] describing

the mean stationary current–voltage characteristics of a two

electrode cell under high current densities. For clarity, the

essential steps of the derivation of the previous model are

repeated where necessary.

A two electrode set-up is considered. The gas bubble

coverage on the working electrode, of surface A, is denoted

as h. From Faraday’s law the amount of gas evolving on the

working electrode is given by:

_Vg ¼ b jlocal 1� hð ÞA; ð1Þ

with jlocal the local current density and b ¼ nRT
zFp with the

usual meaning of the used symbols. Note that the local

current density should not be confused with the nominal

current density j ¼ I=A ¼ jlocal 1� hð Þ [23, 27].

In order to estimate the amount of gas bubbles leaving

the electrode surface, the working electrode surface is

subdivided into a lattice. Lattice sites may be occupied or

empty, depending if a bubble is growing or not at that

location. Neighbouring occupied sites represent larger

bubbles, obtained by coalescence for example. Assuming

that the mean detachment time Dtb of a bubble is function

of its size s (measured in number of sites forming the

bubble), the total amount of gas leaving the electrode is

given by:

_Vg ¼ NAVb

X1

s¼0

sns hð Þ
DtbðsÞ

þ PðhÞ
Dtg

 !
; ð2Þ

where N is the total number of sites per surface of the

lattice defined on the electrode and ns(h) is the average

number of bubbles of sizes s per lattice sites, which can be

estimated using percolation theory [28]. The quantity P(h)

is the size of the infinite cluster (non zero only if h[ pc,

the percolation threshold [28]) and Dtg its mean detach-

ment time. For simplification we will in the following

assume that Dtb(s) depends only weakly on s and can be

considered constant.

Considering 1 and 2, the mass balance equation writes:

d

dt
VbNAhð Þ ¼ b jlocal 1� hð ÞA� Vb

Dtb
NA
X1

s¼0

sns hð Þ

� VbNA

Dtg
PðhÞ: ð3Þ

Equation 3 states that gas is produced electrochemically,

bubbles detach with a frequency 1/Dtb and the gas film, if

present (i.e. h[ pc), detaches with a frequency 1/Dtg. This

equation can be further simplified by writing the volume of

a bubble of size s = 1 as Vb ¼ hb

N , with hb the average

effective bubble height:

dh
dt
¼ b jlocal

hb
1� hð Þ � 1

Dtb

X1

s¼0

sns hð Þ � 1

Dtg
PðhÞ: ð4Þ
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In the following, a dimensionless version of Eq. 4 is

developed. To further simplify calculations, we assume

that the inter-electrode resistance R(h) may be estimated

by:

R hð Þ ¼ Rbulk

1� h
; ð5Þ

with Rbulk the bulk inter-electrode resistance (i.e. the inter-

electrode resistance without any bubble evolution).

For high enough current densities, the cell terminal

voltage U is given by

U � Ud ¼ R hð Þ I ¼ jlocalA 1� hð ÞR hð Þ; ð6Þ

with Ud the water decomposition potential.

From the steady-state solution of Eq. 4, together with

the condition of the gas film formation (h = pc), follows

the expression for the critical voltage in accordance with

the previous model [7, 26]:

Ucrit ¼ Ud þ R pcð ÞA
hb

bDtb
pc: ð7Þ

Combining Eqs. 4–7 yields

dh
d�t
¼ pc

1� pc

�U 1� hð Þ �
X1

s¼0

sns hð Þ � 1

D�tg
PðhÞ; ð8Þ

with �t ¼ t
Dtb

the normalised time and U ¼ U�Ud

Ucrit�Ud
the

normalised voltage. Equation 8 is the normalised bubble

evolution equation of a gas evolving electrode. Note that

D�tg ¼ Dtg

Dtb
. The quantity

I ¼ pc

1� pc

�U 1� hð Þ; ð9Þ

appearing in the right hand side of Eq. 8, is termed

normalised current density. In order to relate it to the

measured nominal current density, one note that the

nominal current density needed to form the gas film, the

critical current density jcrit, is given by (solving Eq. 4 with

the condition h = pc):

jcrit ¼ hb

b Dtb
pc: ð10Þ

Combining Eqs. 6, 7, 9 and 10 shows that the normalised

current density is as well given by:

I ¼ pc �
j

jcrit
¼ pc �

I

Icrit
: ð11Þ

In summary, the solution of the normalised bubble evolu-

tion Eq. 8 gives the relation between the cell terminal

voltage and the current density.

2.2 Gas film formation time

If a constant cell terminal voltage U is applied, the time tf
needed to build the gas film is given by the condition that

h(tf) = pc. As for h\ pc P(h) = 0, the gas film life-time

Dtg does not influence tf and the new model will predict the

same values as the previous one. Solving Eq. 8 for a step

input U [ Ucrit, i.e. U [ 1, results in [7]:

tf

Dtb
¼ 1

1þ pc

1�pc
U

ln
U

1� pcð Þ U � 1
� �

" #
: ð12Þ

Equation 12 was validated experimentally in [16]. There

was as well found that Dtg

�
Dtb � 10�30 with

Dtb ffi 2:5 ms. Note that Dtg was found to increase with the

cell terminal voltage. This experimental fact shows the

limitation of the assumption that Dtg is a constant.

2.3 Bistability

Figure 1 shows the stationary solution of Eq. 8 for various

values of Dtg. The equations were solved using a Bethe

Lattice with three branches. For this lattice one has [28]

pc = 1/2 and

PðhÞ ¼ hþ 1� hð Þ3

h2
if h [ pc ¼

1

2
: ð13Þ

For Dtg ¼ 1, i.e. the detachment time of the gas film is

identical to the bubble detachment time, no gas film can be

formed. For Dtg [ 1 a gas film is formed beyond the

critical point ( �Ucrit ¼ 1, j
crit ¼ pc ¼ 1=2). For finite val-

ues of Dtg, the stationary solutions are multiple (two stable

and one unstable; Fig. 2) in a defined region before
�Ucrit ¼ 1. For Dtg !1, Eq. 8 is identical to the one dis-

cussed in [25] and only one stable solution is observed. The

extension of the bistable region in function of Dtg is

computed on Fig. 3.
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Fig. 1 Stationary solutions of the normalised bubble evolution Eq. 8

showing the dependence of the normalised current density I in

function of the normalised voltage U for various gas film detachment

times Dtg
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Figure 4 shows non stationary solutions of Eq. 8 obtained

by numerical integration using an embedded Runge–Kutta–

Fehlberg algorithm [29] (combination of two Runge–Kutta

methods of order four, five) with a relative error tolerance of

10-3. A triangle voltage signal was applied with a scan rate v

such that U ¼ v � t for 0� t� tf (forward scan) and U ¼
v � tf � t
� �

for tf \t� 2tf (reverse scan):

v ¼ U

t
¼ U � Ud

Ucrit � Ud
� Dtb

t
: ð14Þ

The normalised scan rates used were chosen in order to

reproduce typical experimental conditions where scan rates

are about 10 V/s. An increase in the scan rate has the effect

to enlarge the bistable region (Fig. 3).

If the solutions of Eq. 8 present strong qualitative

resemblances with experimental results (compare for

example with Fig. 3 from [30] showing the hysteresis

observed in a forward and reverse scan at 10 V/s of a two

electrode cell with 30wt% NaOH), there are large quanti-

tative discrepancies. According to [16], Dtg

�
Dtb � 10�30,

which results in a bistable region extension of about 60–

80% of Ucrit (Fig. 3). However, according to [30, 31] only

an extension of about 10% of Ucrit is observed. Further, the

mean current once the gas film is formed, is predicted

significantly too large with this model compared to

experimental observations (a few percents of jcrit [30, 31]).

To address these issues, one has to look more closely to

Eq. 8. In its mean-field version, the model assumes that in

average the gas film detaches every Dtg. However, at the

moment of its detachment, the entire surface covered by

the film, i.e. P(h), becomes free of bubbles. This collective

effect is not reproduced in Eq. 8. To take into account this

aspect the following stochastic model is developed.

3 Stochastic model

In its stochastic version, the model assumes that the bubble

evolution, as long as the gas film is not detaching from the

electrode surface, is given by the following evolution

equation for the bubble coverage h:

dh
d�t
¼ pc

1� pc

�U 1� hð Þ �
X1

s¼0

sns hð Þ: ð15Þ

Further, in average every Dtg the gas film detaches form the

electrode surface. This is added to Eq. 15 by resetting the

value of h to h - P(h) according to a Poisson process with

expected value Dtg if h[ pc. Figure 5 shows a typical

result of a numerical simulation of this model (for �U ¼ 1:2

and Dtg ¼ 10; numerical integration was done using a

Runge–Kutta method of order four with a Richardson error

control with a relative error tolerance of 10-3). The sto-

chastic resetting of h to h - P(h) was achieved with a

uniform random number distribution implemented using a

linear congruential generator [29]). Note how about every

Dt � Dtg a gas film is formed. The duration of the for-

mation of a gas film is about tf ffi 1:2 � Dtb in accordance

with Eq. 12. Note the good agreement with the experiment

(compare for example with Fig. 1 from [16]).

On Fig. 6 are shown typical simulation results if a tri-

angle voltage signal is applied with a scan rate v such that
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Fig. 2 a Stationary bubble coverage fraction hS as predicted by the

normalised bubble evolution Eq. 8. In the interval 0:6�U� 1 are

two stable solutions (-) and one unstable (- -). Calculations done for

Dtg ¼ 10. b Corresponding current–voltage characteristics
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Fig. 3 Extension of the bistable region of the stationary solutions of

the normalised bubble evolution Eq. 8
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U ¼ v � t for 0� t� tf (forward scan) and U ¼ v � 2tf � t
� �

for tf \t� 2tf (reverse scan). Simulations were done over

100 scans and afterwards averaged. As in the mean field

model, the forward scan is not affected by v up to the

critical voltage U ¼ 1. For high scan rates, the forward

scan for U [ 1 presents no longer an abrupt decrease but

rather a smooth transition. A significant effect is seen on

the reverse scan. Not only the extension of the bistable

region is changed, but as well the general shape of the

reverse scan. The extension of the bistable region follows

D �U � v � Dtg: ð16Þ

This can be directly seen from the stochastic model

description. Indeed, during the reverse scan, once �U\1 the

system can no longer rebuild the gas film in case the film is

lost. As the gas film is detaching in average every Dtg, the

extension of the bistable region has to follow Eq. 16.

Compared to the mean-field model, the stochastic model is

in much better agreement with the experiment. The current

density for cell terminal voltages larger than Ucrit are

predicted to be only a few percents of jcrit, which agrees

well with experimental observations [30, 31]. The bistable
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Fig. 4 Non-stationary solutions of the normalised bubble evolution Eq. 8 showing the dependence of the normalised current density I in

function of the normalised voltage U for various normalised scan rates v. Calculations done for Dtg ¼ 10
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Fig. 5 Non-stationary solution of the stochastic version of the bubble

evolution model. Calculations done for U ¼ 1:2 and Dtg ¼ 10. The

normalised current I in function of time is shown. Note how about

every Dt ¼ Dtg ¼ 10a gas film is detaching from the electrode surface
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Fig. 6 Non-stationary solutions of the version of the bubble evolu-

tion model showing the dependence of the normalised current density

I in function of the normalised voltage U for various normalised scan

rates v in forward (-) and reverse (- -) scan. Calculations done for

Dtg ¼ 10; averaged over 100 simulations
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region extension of about 10% of Ucrit observed for water

electrolysis at a scan rate of 10 V s-1 (corresponding to

v � Dtg ffi 5� 10�3) [30, 31] is as well much better pre-

dicted: DU ffi 0:05.

Equation 16 presents a great practical value. From the

mean current–voltage characteristics measured in forward

and reverse scan, one can directly estimate the mean gas

film life-time. This is a much simpler method than the

direct analysis of the time signal of the current [16] or

visual observation by high speed cameras [14, 15]. Note

that the knowledge of the mean bubble detachment time

Dtb is not needed for the application of Eq. 16 as this

equation writes DU � v � Dtg in its dimensional form.

The reverse scan presents a significantly different shape

than the forward scan, particularly at higher scan rates. The

maximal current is smaller and presents a plateau. This

plateau is observed experimentally and was so far attrib-

uted to the limitation of the gas bubbles ability to leave the

electrode surface [7, 25]. The present model brings new

insights into this problematic showing that, in the case of

the reverse scan, this limiting current region can be due to

the finite life-time of the gas film. The appearance of this

plateau can be understood intuitively form the stochastic

model. Recalling that the gas film detaches in average

every Dtg and that for �U\1 it can no longer been rebuilt

once lost, it becomes obvious that the average current must

become smaller in the reverse than in the forward scan. The

region over which this effect is noticeable will depend in

the variance of the probability distribution of the gas film

life-time:

D �Uplateau � v � varðDtgÞ: ð17Þ

As in the present simulations a Poisson process was chosen

(i.e. the variance of the gas film life time is equal to its

mean value) the extension of the plateau will follow as well

Eq. 16, as can be verified on Fig. 6. A careful experimental

study of the plateau of the reverse scan can therefore bring

more insights about the probability distribution underlying

the gas film detachment.

4 Conclusion

A model for the current–voltage characteristics of a two

electrodes cell incorporating the dynamics of the gas film

formed during the electrochemical discharge phenomenon

is developed. In its mean-field version, the model presents

good qualitative agreement with experiments but overes-

timates the extension of the bistable region and predicts too

large current densities for cell terminal voltages higher than

the critical voltage. By modifying the model in order to

account for the collective detachment of the gas film, these

issues can be removed. In this stochastic version of the

model, the detachment as a whole is assumed to take place

according to a Poisson process. Based on this model, two

relations were developed which allow from the experi-

mental study of the hysteresis in the forward and reverse

scan of the two electrode cell to estimate the mean gas film

detachment time and its variance.
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